We classify all spacetimes with a closed rank-2 conformal Killing-Yano tensor.
The D-dimensional Kerr-NUT-de Sitter metric was constructed by Chen-Lü-Pope [1] .
The metric is the most general known solution describing the higher-dimensional rotating black hole spacetime with NUT parameters. It takes the form
where D = 2n + ε (ε = 0 or 1). The functions Q µ (µ = 1, 2, · · · , n) are given by
where X µ = X µ (x µ ) is an arbitrary function depending on one coordinate x µ . The σ k and σ k (x µ ) are the k-th elementary symmetric functions of {x 
n ν=1 (ν =µ) (t − x 2 ν ) = σ 0 (x µ )t n−1 − σ 1 (x µ )t n−2 + · · · + (−1) n−1 σ n−1 (x µ ).
The metric satisfies the Einstein equation Ric(g) = Λg if and only if X µ takes the form [1, 2] , (a) ε = 0 :
where c, c k and b µ are free parameters. This class of metrics gives the Kerr-NUT-de Sitter metric [1] , and the solutions in [3, 4, 5, 6, 7] are recovered by choosing special parameters.
It has been shown in [8, 9] that the Kerr-NUT-de Sitter spacetime has a rank-2 closed conformal Killing-Yano (CKY) tensor. This tensor generates the tower of Killing-Yano and Killing tensors, which implies complete integrability of geodesic equations [10] and complete separation of variables for the Hamilton-Jacobi, Klein-Gordon [8, 11] and Dirac equations [16] . Various aspects related to the integrability have been extensively studied in [12, 13, 14, 15, 17, 18, 21, 22] . For reviews on these subjects, see, for example, [19, 20] .
This property leads to a natural question whether there are other geometries with such a CKY tensor. The following result was proved in [15] . Theorem 1. Let us assume the existence of a non-degenerate rank-2 CKY tensor h for
Then, M is only the Kerr-NUT-de Sitter spacetime.
The rank-2 CKY tensor h = (h ab ) is a 2-form defined by the equation [23] 
where the associated vector ξ = ξ a ∂ a of h is given by ξ a = (1/(D−1))∇ b h ba . By introducing the following orthonormal frame
for the metric (1), the CKY tensor can be written as
In [15] we required that the eigenvalues x µ of h are functionally independent in some spacetime domain, i.e. x µ are non-constant independent functions. In this paper we do 
where D = 2(|ℓ| + |m|) + K. Here |ℓ| = n µ=1 ℓ µ and |m| = N i=1 m i . Analyses for the non-degenerate and some degenerate cases with |m| = 0 can be found in [21] .
We can show the following results [24] :
Lemma. It must hold that ℓ µ = 1 for all µ = 1, 2, . . . , n.
Theorem 2. The metric and the CKY tensor take the forms
The metrics g (i) are Kähler metrics on 2m i -dimensional Kähler manifolds M (i) and ω (i) the corresponding Kähler forms. The metric
can take the special form:
The functions P µ are defined by
with an arbitrary function X µ = X µ (x µ ) depending on x µ . The 1-forms θ k satisfy
where ε = 0 for the general type and ε = 1 for the special type.
The closed CKY tensor (11) can be rewritten in a manifestly closed form:
Remark 2. By sending one of constant eigenvalues, say ξ N , to zero, the metric of general type smoothly goes to a metric of general type :
, where g (N ) is the Kähler metric. For special type, if we set c = ξ 2 N , ψ n = ϕ/ξ N , and then take the limit 2 , ξ N → 0, it goes to a metric of general type :
part is given by a Sasakian manifold, i.e., an S 1 -bundle over the Kähler manifold,
In the following part, we consider the Einstein condition of the metric (10). We introduce an orthonormal frame {e
, e α (0) } on M:
where {ê
} α=1,2,...,m i is an orthonormal frame of the Kähler manifold M (i) ,
2 The limit is different from the BPS limit [25, 26] . In this limit, the Sasakian manifold appears as a subspace of base space. While in the BPS limit, the odd dimensional Kerr-NUT-de Sitter space (fiber space) goes to a Sasakian manifold. This BPS limit was first done in [25, 26] .
and {ê α (0) } α=1,2,...,K is an orthonormal frame of M (0) . For special type, we use
instead of {e α (0) }. The CKY tensor (11) is written as
It is convenient to introduce the following scalars
The non-zero components of the Ricci tensor of the metric (10) are calculated as
and for (a) general type (ε = 0)
for (b) special type (K = 1 and ε = 1)
αβ represent the Ricci components of g (i) and g (0) respectively. Recall that D = 2n + 2|m| + K.
Since we are working in an orthonormal frame, the Einstein condition becomes R AB = Λδ AB . Thus, the Kähler metric g (i) (and the metric g (0) for general type) must be Ein-
. We find the following result.
be a K-dimensional Einstein metric if it is the general type. Then the metric g is Einstein if and only if X µ takes the form
where
(a) general (ε = 0),
(b) special (K = 1 and ε = 1),
Here {α k } k=1,2,...,n−1 and d µ are free parameters. (When K = 0, λ (0) is a free parameter.)
The Einstein constants λ (i) of g (i) are given by
Remark 3. Note that x As a simple example, let us consider the special type metric with n = 1 and N = 1
for (26) . Putting x = ir together with the parameters
The corresponding 2m + 3-dimensional metric is given by
If we choose the Fubini-Study metric on CP m for the Einstein-Kähler metric g (2m) , we reproduce the Kerr-de Sitter metric with mass M and equal rotation parameter a [5] .
Finally, we briefly discuss the Einstein metrics over compact Riemannian manifolds that are obtained from the metric (10) . For general values of the parameters in (26) the metrics do not extend smoothly onto compact manifolds. For simplicity we consider an n = 1 case of special type (26) . We will consider principal T 2 bundles over B which are classified by cohomology classes χ a (a = 1, 2) of the form
Now let us choose the roots x 1 and x 2 to the equation (26) , X(x) = 0. We take the
avoid the singularity at the boundaries x = x 1 and x 2 the following quantities must be integers:
for i = 1, · · · , N. The integers k .
The integral condition (34) is written as 
which is just the condition for the existence of Einstein metrics given in [27] .
